We investigate in detail the interaction between the spin-1/2 fields endowed with mass dimension one and the graviton, up to the first order of approximation in κ. We obtain an interaction vertex that combines the characteristics of scalar-graviton and Dirac's fermion-graviton vertices, due to the scalar-dynamic attribute and the fermionic structure of this field. It is shown that the founded vertex obeys the Ward-Takahashi identity, ensuring the gauge invariance for this interaction. In the contribution of the mass dimension one fermion to the graviton propagator at one-loop, we found that the conditions for the tadpole term can be canceled by a cosmological counter-term in a higher-derivative theory for gravity in the covariant formalism. Finally, we calculate the scattering process at the non-relativistic limit, describing the newtonian potential mediated by the graviton. The result reveals that only the scalar sector present in the vertex contributes to the gravitational potential, since the character of Fermi-Dirac statistics that would arise due to the fermionic term, with their respective helicities, does not manifest in the non-relativistic limit. *
I. INTRODUCTION
The lack of theoretical basis to approach the dark matter problem is usually inputed to several, and somewhat concomitant, reasons. In fact, the complexity and peculiarity of such a problem has taken the scientific community to a plethora of attempts in the investigation of this phenomena. These attempts range from extra dimensions to more conservative geometric setups, from phenomenological cosmology to modeling based in exotic potentials. While the problem remains unsolved, an approach based on solid criteria erected from quantum field theory is particularly sound. This paper intend to study some relevant aspects of the interaction between such a candidate and weak field gravity.
Proposed in its first version in 2004 [1] , the fermionic field of spin-1/2 with mass dimension one is constructed upon a complete set of eigenspinors of the charge conjugation operator, the Elkos. In the early formulation, these fields were quantum objects carrying a representation of subgroups of the Lorentz group HOM(2) and SIM(2) [2] , and corresponding semi-direct extension encompassing translation. Quite recently, however, a modification in the spinor dual -taking advantage of the fact that in spinor physics only a bilinear is observable -has lead to a theory endowed with full Lorentz (Poincarè) symmetry. The main steps of this formulation, along with the theory of duals may be found 1 in Ref. [3] . These formulations boosted several works in a broad range of areas, for instance mathematical physics [4] [5] [6] [7] [8] [9] [10] , phenomenology of particles [11] [12] [13] [14] [15] [16] and cosmology [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] . Let us to pinpoint the main physical aspects of this recent formulation and its insertion in the irreducible representation of the Poincarè symmetries.
The prominent work due to Wigner, scrutinizing the physical content supported by the Hilbert space under the Poincarè group acting [31] , found consistently one particle states. Nevertheless all the investigation was performed within the proper orthochronous Lorentz subgroup. In a less known work, Wigner generalized the investigation to the inhomogeneous Lorentz as a whole, by including discrete symmetries [32] . As a result, hidden particle class appear and it turns out that the particle studied in [3] behaves, under discrete symmetries, in a way predicted in one of these cases. Having said that, we shall now depict the precise construction whose consideration enables the field to undergone a dynamics that leads to the mass dimension one property.
The construction of the field as a spin-1/2 representation is characterized, of course, by the presence of spinors as expansion coefficients. These spinors, as usual, belongs to the (0, 1/2) ⊕ (1/2, 0) Weyl representation space. This is indeed the prescription for Dirac spinors. The crucial difference arises in the way that both sectors of the representation space are related. For Dirac spinors parity is used, and as an inexorable and direct consequence the Dirac dynamics is reached. This relation is literal: in acting on spinors, the parity operator is the Dirac operator [33] , and vice-versa [34] . As a consequence, being the different sectors of the representation space related by means of another procedure (where parity plays no role), the Dirac dynamics is no longer expected. Since the construction is relativistic, one is forced to conclude that the Klein-Gordon dynamics is in fact in order. Finally, the quantum field shall inherit such a dynamics, from which the canonical mass dimension is read. The combined characteristics of mass dimension one, along with eigenspinors of the charge conjugate operator perform the darkness of the field.
In this work, we study the interaction between this fermionic field and the graviton, by means of the weak field approximation at first order in κ, from the covariant action of gravity. The paper is organized as follows: in Section (II), starting from the mass dimension one spin-1/2 fermionic field action in curved spacetime, we obtain the first two interaction vertex from which we evince the Ward-Takahashi identity. In Section (III), with the one graviton vertex at hands, we compute the one-loop correction for the graviton propagator and study the tadpole counter-term responsible to remove the divergent part of the interaction. In Section (IV) we delve to the study of the gravitational scattering process at the non-relativistic limit, obtaining the Newtonian potential. Three short appendices are reserved to detail and/or explicit some calculation used along the paper.
II. MASS DIMENSION ONE FERMION-GRAVITON INTERACTION VERTEX
The action for the mass dimension one spin-1/2 fermionic field in a curved background can be written 2 as [17, 29] 
where λ = λ(x) andλ =λ(x) represent the spinor field and its corresponding dual, coupled to gravity. The metric determinant is denoted as usual by g ≡ det(g µν ), with metric signature (+, −, −, −). The covariant derivatives act in the fermionic fields as
with the spin connection defined as Γ µ = A µab σ ab . Moreover, the generators of transformations,
, are written in terms of a tetrad field 3 e a α [35] and the gamma matrices in the locally flat space. Finally, the term A µab is given by
Since the expansion in terms of the tetrad fields e a µ can be connected with the same weak field expansion for the metric around Minkowski space, we proceed with (see appendix A for further details)
where κ 2 = 16πG and the gamma matrices γ α are written in the Weyl representation. Moreover, it is possible to write
Rewriting the lagrangian density read from Eq. (1), neglecting terms at orders higher than κ 3 and using the previous relations in the momentum space representation, the one-and two-interaction vertices are obtained by performing the functional variation. Therefore, after performing the functional derivation one has the mass dimension one fermion and one graviton interaction vertex in the tree level described by
In the expression above, ½ stands for the identity matrix, p is the incoming momentum related to λ, q is the outcome momentum associated withλ and r is the incoming momentum for the graviton field. The two graviton vertex is shown in Appendix B. Notice that the vertex (8) is composed by two parts, the first one
which is a scalar-graviton sector and the second one, whose terms are typical of a fermion-graviton interaction [36] . This peculiar behavior is also verified in other contexts when 2 The notation for the quantum field used throughout this paper shall not be confused with the expansion coefficients of the quantum field in Ref. [3] . 3 Constructed usually as gµν (x) = e a µ (x)e b ν (x)η ab , such as e studying mass dimension one spinors [37, 38] . The reason rests upon the combined character of a dynamic governed by the Klein-Gordon equation, while having simultaneously a spinorial structure for the field. In order to assert gauge invariance for the interaction between mass dimension one fermions and the graviton we shall finalize this section by pointing out the Ward-Takahashi [39, 40] relation for the specific case
where ω αβ = −ω βα = 1 4 σ αβ stands for the transformation parameter, and
is related with the mass dimension one fermion propagator given in [3] . Using the vertex presented in Eq. (8) it is possible to find the correct numerical factor in the Ward-Takahashi relation, necessary to the case at hand.
III. ONE-LOOP MASS DIMENSION ONE FERMION DIVERGENCES ON THE GRAVITON PROPAGATOR
Using the vertex (8), the two graviton vertex and the mass dimension one propagator it is possible to evaluate the graphs outlined in Fig. (1) , both involving one-loop contributions to the graviton self-energy. Throughout this section (and in the Appendix C) use is made of dimensional regularization with d = 4 − 2ǫ. In terms of the Barnes-Rivers operators [41] , the divergent part of the one loop correction for graviton self-energy contribution (without a tadpole term) due to the graph (a) of Fig. (1) is given by
resulting in
where the divergent part of some integrals used here are listed in Appendix C, through the Feynman parametrization technique 1/ab = 1 0
[42] applied in the context of weak field gravity [43, 44] , for readily reference. The contribution coming from the graph (b) reads
with use of the two graviton vertex V µναβ (r, s, p, q) explicit in the Appendix B, amounts out to be
Now we shall focusing in the tadpole term (and corresponding contribution), whose graph is shown in Fig.  (2) . Its divergent part is simply given by
where we have used 
where, by means of a simple integration by parts,
After taking the functional derivative of Z[g αβ ] with respect to h ρσ and converting the result to the momentum space we get, after using the relations
the Ward identity
As an important consistency check we remark that Eq. (20) along with the tadpole term contribution presented in Eq. (16), as expected.
IV. GRAVITACIONAL POTENTIAL IN THE NON-RELATIVISTIC LIMIT
At the non-relativistic limit, the computation of a scattering process can be accomplished by associating the respective Feynman diagrams in a certain order of perturbation. Such a procedure, as it is well known, reproduces the results of non-relativistic Quantum Mechanics, where the interaction between the particles is described by a potential V (x). As our interest here lies in the study the physical content of the mass dimension one fermion and graviton interaction, we shall pursue in this section the non-relativistic limit of the scattering amplitude of two mass dimension one fermions mediated by a graviton at tree level. We assert in advance that the result provides a quite optimistic scenario in putting these spinors as candidates to (at lest part of) dark matter, since the attractive Newtonian gravitational potential is reached.
The relation between the potencial V (x) and the scattering amplitude M N R is given by
where r stands for the exchanged graviton momentum. The Feynman graph associated with the scattering λ
, mediated by a graviton, can be seen in Figure ( 3). The corresponding scattering amplitude is
where the quantities composing the amplitude are given by
where the lower-index ξ stands for the helicity (±, ∓). The operators A and B are written 4 as
where G is a matrix appearing (with well posed representation in the momentum space) in the new dual definition. Its explicit form wont be necessary here, only some of its properties. For a complete account on 4 The operators A and B are a redefinition of the spinor dual, necessary for the theory to be Lorentz invariant. This can be verified by analyzing the spin sums in the limit τ → 1. Besides that, the orthonormality relations remain intact. Further details on the implementation of these operators are found in Ref. [3] .
this object see [3] . As a lest remark we observe that in the definition of the A and B operators the limit τ → 1 is implicit. This parameter as well as its limit, as we shall see, plays no role in our analysis. Both operators are governed by the following properties
needed to calculate the invariant amplitude. Analogously to the vertex given in (8), we reach to the following interaction vertex
In Eq. (30), E µν and M µν stand for the scalar (with an implicit identity matrix) and fermionic sectors, respectively, composing the vertex. By inserting (30) into (22) we are able to write
Using the relations (28) and (29), and the explicit form of the operator A, we obtain
At this point, it is important to highlight that using the identities GM µν = M µν G and Gλ 
It can be readily verified now that the aforementioned implicit limit τ → 1 may be easily taken. After contracting the propagator with one of the vertices and substituting E αβ and M αβ , we obtain
As a next step, we shall multiply the terms in (34) using, when necessary, the prescription of mass dimension one fermions in the non-relativistic limit in the polarized basis [45] , given by
When built on the polarization base, these spinors clearly lose information about helicity. In the context of a non-relativistic scattering, however, helicity is a irrelevant concept. In fact, a non-relativistic limit must not bring information about such a quantity. It is also important to call attention to the fact that in the polarization basis, some additional phases may remain undetermined. The incorrect fixation of these phases can eventually cause that the corresponding spinor does not transform correctly under Poincarè transformations. Again, as we are interested in the non-relativistic limit we shall take all these possible phases equal to one. In this context, Eq. (34) reads
Now we define the momentum in the non-relativist limit for the participating fermions present in the interaction as
The exchanged graviton has momentum r µ = (r 0 , r) and, once we consider an elastic scattering in the center of mass frame, we have r 0 = 0. Thus, we have after some manipulation
Defining the saturated fermionic part contribution as
and taking into account that the temporal index does not contribute to the commutator, since r 0 = 0, the only non-null expression coming from the matrix part of the amplitude is
leading to
Finally, we establish that the referential in which the process occurs is exactly the referential of the center of mass. In this way, we see that there is no dependence in the direction of the z-axis on the graviton propagator and thus the terms of (41) are canceled. The cancellation that comes from the fermionic structure of the interaction vertex is an interesting result: on the one hand, as we have emphasized, the vertex carries two sectors, one typically scalar and other fermionic. On the other hand, the fermionic part, as shown, does not contribute to the final result. Bearing in mind that we are working on the non-relativistic limit in which boson and fermions are indistinguishable, we could expect that the contributions are equal and comes from both sectors (scalar and fermionic) or the contribution that comes from the fermionic sector is identically null (since the non-relativistic limit shall not distinguish anti-commuting properties). The second case is fulfilled here. The final amplitude reads
Now, using Eq. (21) written in terms of spherical coordinates, we obtain
reproducing the attractive Newtonian gravitational potential. This result may be faced as an additional support to the claim asserting mass dimension one spinors as dark matter candidates.
V. FINAL REMARKS
Taking into account the peculiarities of the quantum field based upon eigenspinors of the charge conjugation operator, we studied here in some detail several relevant aspects of its coupling with gravity in the weak field regime. After evincing the specific interaction vertex we worked out the Ward-Takahashi identity. Going further, we evaluated the one-loop divergences of the graviton self-energy as well as the correct tadpole contribution, the former being canceled by the last one. Finally we perform the non-relativistic limit in order to show the appearance of the attractive Newtonian potential. We took special care in this limit, using in our calculations the polarized basis, already studied, and physically interpreting all important steps.
The more formal study composed by sections (II) and (III) is quite important as it in fact settle the fundamental aspects of semi-classical gravitational interaction for mass dimensions one spinors. By its turn the investigation of the resulting non-relativistic gravitational potential as a consequence of the obtained vertex, since attractive, points to an adequate behavior under gravitational interaction from the perspective of a dark matter candidate. We hope that the results here discussed may serve also to push the investigations of mass dimension one spinors gravitational interaction even further. Although the treatment of spin the connection be a well known topic we shall here to enumerate its main equations for book keeping purposes. The weak field expansion for gravity is simply
while its inverse reads
The metric determinant is given by 
Now one is position to write the necessary contraction leading to the spin connection of Eq. (2) of the main text in the weak field limit:
which amount out to be
The two graviton vertex is explicitly shown below. In the following expression the graviton momenta are labeled as r, s with indices α, β, µ, ν. The Latin letters p and q are the mass dimension one momenta (incoming to the vertex): 
where
ϕξ . Symmetrization on µ, ν and α, β and permutation of r, µ, ν and s, α, β have to be applied on this expression. 
